It is argued that the relativistic Vlasov-Maxwell equations of the kinetic theory of plasma approximately describe a relativistic system of N charged point particles interacting with the electromagnetic Maxwell fields in a Bopp-Landé-Thomas-Podolsky (BLTP) vacuum, provided the microscopic dynamics lasts long enough. The purpose of this work is not to supply an entirely rigorous vindication, but to lay down a conceptual road map for the microscopic foundations of the kinetic theory of special-relativistic plasma, and to emphasize that a rigorous derivation seems feasible. Rather than working with a BBGKY-type hierarchy of n-point marginal probability measures, the approach proposed in this paper works with the distributional PDE of the actual empirical 1-point measure, which involves the actual empirical 2-point measure in a convolution term. The approximation of the empirical 1-point measure by a continuum density, and of the empirical 2point measure by a (tensor) product of this continuum density with itself, yields a finite-N Vlasov-like set of kinetic equations which includes radiation-reaction and nontrivial finite-N corrections to the Vlasov-Maxwell-BLTP model. The finite-N corrections formally vanish in a mathematical scaling limit N → ∞ in which charges ∝ 1/ √ N . The radiation-reaction term vanishes in this limit, too. The subsequent formal limit sending Bopp's parameter κ → ∞ yields the Vlasov-Maxwell model.
Introduction
An estimated 99.99% of the visible matter in the universe is fully ionized plasma, matter so hot that the negatively charged electrons and several species of positively charged nuclei are not in any bound state. This hot state of matter is essentially described by a classical, so-called "collisionless kinetic theory" -an unlucky name for a plasma theory in which a Balescu-Guernsey-Lenard-type dissipation operator is neglected. The stellar-dynamical "collisionless kinetic theory" for a system of N stars [Jea15] , treated as point particles interacting with Newton's gravity, serving as a template, Vlasov [LuVl50, Vla61] proposed a kinetic theory of plasma in which each particle species σ is assigned, at time t 0, a continuum density N σ f σ (t, s, p) 0 at the kinematical momentum p in the co-tangent space R 3 s of the location s in physical space R 3 . Each f σ ∈ C 1 (R, (P 1 ∩ C 1 )(R 6 )), where P 1 ∩ C 1 denotes the normalized measures which have densities in C 1 and finite first moments, satisfies the incompressible-transport equation
(1) where c is the vacuum speed of light, e σ and m σ are electric charge and rest mass of a particle of species σ, whose velocity v σ = v σ (p) is related to the generic p variable by v σ (p) = cp m 2 σ c 2 + p 2 .
(2)
In (1), E E E(t, s) and B B B(t, s) are self-consistent electric and magnetic fields at the space point s at time t. These are not the true microscopic fields but are defined at the same (reduced) level of resolution as the distributions of particle positions and momenta, i.e. classical fields E E E( · , · ) ∈ C 1 (R, (L 2 ∩ C 1 )(R 3 )) and B B B( · , · ) ∈ C 1 (R, (L 2 ∩ C 1 )(R 3 )) satisfying the system of field equations (in Heaviside-Lorentz units, following [Spo04] ) 
This set of equations is Lorentz covariant, though not written manifestly so: the dynamical variables are defined in a Lorentz frame with time & space coordinates (t, s).
Vlasov's kinetic equations find applications in the relativistic theory of so-called collective phenomena in astrophysical plasma, see [SchJ73, Jan77, OSch84, Neu93, SchKn97] ; also see the books [Sch02, Sch07, Som13, VeAk17] . They also find applications in the relativistic theory of laser-plasma interactions, see [Ietal2011] . For a recent review, see [Petal18] , and for a general relativistic setting, see [Ehl71, Ehl73, Ber88] .
Known in the mathematical literature as (relativistic) Vlasov-Maxwell equations, their Cauchy problem has been settled for small initial data, and for large data under the additional assumption that no singularities occur near the light cone, see [GlSt86, GlSt87a, GlSch88, KlSt02, GPSch10] ; related rigorous treatments of relativistic Vlasov equations are [Hor86, GlSt87b, dPLi89b, Rei90, BGP00, BGP03, KiTZ08] . Also the work of Mouhot and Villani [MoVi11] on Landau damping in non-relativistic plasma has been generalized to the relativistic Vlasov-Maxwell system, see [You14a, You14b] . Most recently an Onsager type conjecture on conservation of energy and entropies of weak solutions was recently established [BBN19] .
An important feature of Vlasov's set of kinetic equations is that they are timereversal invariant, and in fact preserve the Boltzmann entropy functional
In a certain very concrete sense the Vlasov kinetic equations are for a plasma what the kinetic (free streaming) equations of an ideal gas are for a dilute gas of shortrange interacting neutral particles: they govern the dynamics only over very short time scales. To go beyond these short time scales, the kinetic equations have to be corrected, which in the non-relativistic regime means including pair scattering operators, for historical reasons usually misnamed as "collision operators:" the Boltzmann paircollision operator in case of a dilute gas of short-range interacting neutral particles, and a Balescu-Guernsey-Lenard type operator (similar to a Boltzmann pair-collision operator except that its scattering cross section is a nonlinear functional of the 1-point density function f itself) in case of a fully ionized plasma. These dissipation operators still involve only the 1-point density functions; yet they also involve a two-particle kernel which encodes the pair interaction between particles at the fundamental level. A plasma in the relativistic regime radiates a lot of electromagnetic energy and thus the relativistic kinetic equations describing it should exhibit another dissipation term, due to the radiation-reaction on the motion of individual particles which add up to a bulk effect in a large N plasma. This in turn is a sum of purely individual dissipation terms and is believed to be more and more important the hotter (read higher energetic) the plasma is -note that in this really hot regime the dissipation due to the Balescu-Guernsey-Lenard-type scattering operator is expected to be negligible, by comparison. Radiation-reaction corrections to the Vlasov-Maxwell system, based on the works of Dirac [Dir38] and Landau-Lifshitz [LaLi51] , have been proposed in [HaMa68, Hak11] , [Kuz78] and [NoBu13] , and an H-theorem proved for them in [HaMa68] and [BuNo14] . For mathematically rigorous studies of a radiation-reaction corrected Vlasov-Poisson system, see [KuRe01a, KuRe01b] and [Bau18] , and also references therein.
The microscopic foundations of the Vlasov-Maxwell equations (1)-(7), and their radiation-reaction corrected generalizations in [Kuz78] and [NoBu13] , are still in a lamentable state of affairs. These equations are meant to be a continuum approximation to the electrodynamics of N = σ N σ classical point charges and their joint electromagnetic field, when viewed "coarse-grained" [Ich80, LL81, GoRu95] . In the Vlasov approximation, the point charges move like test particles according tȯ Nσ Nσ k=1 δ(p − p σ k (t))δ(s − q σ k (t)) of N σ point particles with positions q σ k (t) and momenta p σ k (t) turns the characteristic system intȯ
the "symbolic" Lorentz equations for classical point charges interacting with Maxwell-Lorentz fields. The reason for why these Lorentz equations are, at best, only of a symbolic character is well known: Lorentz electrodynamics with point charges is plagued by infinities! More precisely, no distributional solution E E E (N) , B B B (N) to (13)-(16) for given particle trajectories is in L 2 (B) for any open ball B containing the location of a point charge. So each point charge is surrounded by an infinite field energy and acquires an infinite inertia (via Einstein's E = mc 2 [Ein05b]); furthermore, the expression for the Lorentz force [Lor92] at the right-hand side of (12) is not well-defined: it is "infinite in all directions" [Kie12] ; furthermore, typically a singularity propagates along the initial forward light-cone of each and every particle, which terminates the motion as soon as a particle meets the initial forward light-cone of another one [DeHa16] .
Infinite self-interaction terms are encountered also if one applies the atomization to the strictly non-relativistic Vlasov-Poisson equations. But, in this case, the selfinteractions are not dynamical, and simply discarding them formally yields the locally well-posed and consistent Newtonian N-body system for which, in turn, the nonrelativistic Vlasov-Poisson evolution [Pfa89, Pfa92, Sch91] is expected to be an asymptotically exact approximation when N → ∞; see [Bal63, Bal75] for good theoretical physics and [Jab14, Kie14, LaPi17] for rigorous mathematics. We also mention that for regularized non-relativistic forces, the rigorous derivation of the Vlasov kinetic equations has been carried out completely; see [NeWi74, BrHe77, Dob79, Neu85, Spo91] .
However, in the relativistic theory such a formal omission of the self-interaction terms is not justified because of the dynamical radiation-reaction, claims to the contrary in the plasma physics literature [KrTr64, Kli83, Ni83] notwithstanding. Neither the Vlasov-Maxwell system, nor its radiation-reaction corrected generalization, can be justified using an inconsistent or even ill-defined microscopic system of equations.
Recently, the microscopic foundations of relativistic classical electromagnetic theory with point charges were formulated in [Kie19] for a class of admissible electromagnetic vacuum laws. In [KTZ19b] a proof of local well-posedness of the joint initial value problem for the fields and point charges in the electromagnetic BLTP vacuum was established; see also [HoRa19] . The BLTP vacuum is named after Bopp [Bop40, Bop43] , Landé & Thomas [LaTh41] , and Podolsky [Pod42] , who proposed the vacuum law
here, ≡ c −2 ∂ 2 t − ∆ is the classical wave operator, and κ is "Bopp's reciprocal length" parameter [Bop40] . In the singular limit κ → ∞ the BLTP law formally yields Maxwell's law (7).
In the present paper, we propose that the pertinent Vlasov-Maxwell-BLTP equations (1)-(6) & (17) are an asymptotically exact approximation to BLTP electrodynamics when N → ∞, provided the microscopic dynamics lasts long enough. Asymptotic exactness involves a mathematical rescaling of charges and fields -Spoiler Alert: There seems to be no physically realizable scaling with N (i.e. all physical constants remain unscaled) for which the Vlasov-MBLTP system is asymptotically exact as N → ∞ in the BLTP N-body plus field electrodynamics.
We emphasize that the strategy of naive atomization will not produce a viable microscopic dynamical theory of N point charges and their Maxwell-BLTP (MBLTP) fields: once again the formal Lorentz force of the joint electromagnetic field on a point charge is ill-defined; while it no longer is "infinite in all directions," it still "points in all directions," and with "varying amplitude." It is precisely this problem which was recently overcome in [Kie19] .
In the next section, we recall the proper defining equations of BLTP electrodynamics with N point charges. In section 3, we explain their Vlasov approximation, featuring also a radiation-reaction-corrected Vlasov-Maxwell-BLTP model. We collect some already proven facts and highlight the types of estimates which are still needed to complete the proof. The crucial issue is the one of the time scales. We do not yet know whether BLTP electrodynamics with N point charges is typically globally well-posed or whether finite-time singularities will typically form, conceivably through radiative inspiraling of two oppositely charged point particles. Even if finite-time blowup happens typically, the question is how long it will take until a singularity forms. If the time scale for singularity formation is longer than the shortest kinetic theory time scale, the Vlasov time scale, then the rigorous derivation of the radiation-reaction corrected Vlasov-Maxwell-BLTP equations from BLTP electrodynamics with point charges should be feasible.
The Vlasov-Maxwell equations are then conceivably obtained from these radiationreaction corrected Vlasov-Maxwell-BLTP equations on sufficiently short time scales where radiation reaction should be negligible (there is such a time scale), and then by taking the subsequent limit in which the BLTP vacuum law (17) reduces to Maxwell's vacuum law (7). This is formally obvious but still needs to be proved; see section 4. ***
BLTP electrodynamics with N point charges
In this section, we first summarize BLTP electrodynamics in a nutshell. BLTP electrodynamics, as defined in [Kie19] and [KTZ19b] , couples two sets of equations: the microscopic MBLTP field equations, and the relativistic version of Newton's equations of motion with Poincaré's definition of the electromagnetic force.
The Maxwell-Bopp-Landé-Thomas-Podolsky field theory
The MBLTP field equations for N point charge sources comprise the inhomogeneous Maxwell equations
and the homogeneous Maxwell equations,
and the two vector equations of the BLTP law of the electromagnetic vacuum,
To solve the MBLTP field equations as an initial value problem, given the particle motions, requires field initial data (19) and (21).
The solution to the MBLTP field equations is given as follows. Let 1 Ω denote the indicator function of the set Ω ⊂ R 3 . Then
is the fundamental solution at t > 0 of the Klein-Gordon equation
All these solutions are understood not pointwise, but in the sense of distributions. In particular, with initial data allowed in this generality, singularities will typically propagate along the forward initial lightcones of the particles.
To couple the MBLTP field equations with the equations for point charge motions, we want the fields B B B (N) (t, · ) and E E E (N) (t, · ) to be typically as regular as possible, given the particle initial data for the velocities, v σ n (0), satisfying |v σ n (0)| < c, and for the positions, q σ n (0), which have to be pairwise distinct. Thus we restrict the field initial data to be of the form
) is the C 0,1 evaluation at t = 0 of a finite-energy, source-free solution to the MBLTP field equations, which is globally bounded by (B 0 , D 0 , E 0 ,Ė 0 ), and has Lipschitz constants
is the "co-moving electromagnetic field" of a fictitious point charge whose world line coincides with the tangent world line of the j-th point charge at t = 0. For these initial data, the general solution formulas can be brought into a more explicit format; see below.
The equations of point charge motion
The particle initial data q α n (0) and v α n (0) are continued into the future t > 0 by the following equations of motion. Each point particle's position and velocity vectors are related by the usual formula
The particle velocity v n (t) and momentum p n (t) are related by the Einstein [Ein05a] ,
here, m α = 0 is the (bare) inertial rest mass of species α. The momentum p α n (t) in turn changes with time according to Newton's second law,
The BLTP force f α n (t) on the n-th point charge of species α has been worked out in [KTZ19b] and [Kie19] , and is given by
where the fields E E E 0 (t, s) and B B B 0 (t, s) belong to the source-free solution of the MBLTP field equations, launched by the source-free initial data stipulated above, and which is given by (25)-(28) with all source terms set to zero, while the fields
belong to the solution of the MBLTP field equations having the j-th charge of the α-th (resp. β-th) species as only source, launched by the pertinent sourced initial data stipulated above, and which will be written semi-explicitly below; finally, Π field α,n (t, s) is the electromagnetic field momentum density of the MBLTP fields of the n-th charge of the α-th species, with (omitting n and α)
To evaluate the force formula (32), the following representation of the sourced solutions of the MBLTP field equations for t > 0 is helpful.
Note that by Rademacher's theorem the t-derivative of a Lipschitz continuous map t → v(t) exists almost everywhere; for our partly actual, partly auxiliary map t → v(t) it typically does not exist at t = 0. Then:
The MBLTP field solutions B B B α n (t, s) and E E E α n (t, s) for t 0 are given by (cf. [GPT15] ) (again omitting the indices α and n)
with the abbreviation
where n(q, s) := s−q |s−q| for q = s, and where "| ret " means (q, v, a) = (q, v, a)(t ret ) with t ret (t, s) defined implicitly by c(t − t ret ) = |s − q(t ret )|; note that t ret (t, s) < t. Note also that t ′ → c 2 (t − t ′ ) 2 − |s − q(t ′ )| 2 is positive and monotone decreasing to zero on (−∞, t ret (t, s)] and asymptotic to c 2 − |v(0)| 2 |t ′ | as t ′ ↓ −∞.
To evaluate the radiation-reaction force term, we also need the MBLTP field solutions D D D α n (t, s) and H H H α n (t, s) for t > 0, which are for a.e. |s − q(t)| > 0 given by the Liénard-Wiechert formulas (see [Lié98] , [Wie00] ) (omitting α and n)
4π
(41)
The representations (34) and (35) are explicit enough to allow the computation of the Lorentz force terms at r.h.s.(32). To compute the "self"-force terms at r.h.s.(32) we note that with the representations (34)-(40) the volume integrations at r.h.s.(32) can be reduced (essentially) to one-dimensional integrals over time by switching to "retarded spherical co-ordinates;" see [KTZ19b] for details. This gives 16π 2
where the kernels Z
[k] ξ α n t, t r are explained in the Appendix. The time derivative of (42) which appears at r.h.s.(32) is now quite explicit -note that there will be three contributions, one from the upper limit of integrations, and two from the integrand. We remark that the t-derivative of Z
[k] ξ α n t, t r does not act on the functions (q α n , v α n , a α n ) ≡ ξ α n , which enter in Z
[k] ξ α n t, t r only as functions of the integration variable t r .
The joint initial value problem is well-posed
In [KTZ19b] the joint initial value problem formulated in the previous two sub-subsections was shown to be locally well-posed. An announcement is available in [Kie19] . For the convenience of the reader, we briefly summarize the main ingredients.
A key feature of the force term (32) is that the acceleration a α n (t) only enters through the Liénard-Wiechert formulas for the fields D D D α n and H H H α n , and there only in a linear fashion. Therefore, the acceleration a α n (t), or rather its history t ′ → a n (t ′ ) for 0 < t ′ t, enters only through the radiation-reaction force term in the first line at r.h.s.(32), and in a linear manner. The Lorentz force terms only involve the (pertinent histories of the) positions and velocities of the (at most) two different charged point particles involved. As a result, Newton's second law, together with (30) and (32), becomes a linear Volterra integral equation for the acceleration a α n as a functional of the histories (from the initial time on until t) of the positions and velocities of all charged point particles. In [KTZ19b] it is proved that a unique solution exists which depends Lipschitz-continuously on those position and velocity histories.
This in turn results in the well-posedness of the joint initial value problem of BLTP electrodynamics. The evolution is global unless in a finite amount of time: a) two or more point particles meet at the same location; b) a point charge reaches the speed of light; c) the acceleration of a point charge becomes infinite.
The main conservation laws
In BLTP electrodynamics, the total energy density ε(t, s) := ε field (t, s) + ε points (t, s), the total momentum density Π(t, s) := Π field (t, s) + Π points (t, s), and the total stress field T (t, s) := T field (t, s) + T points (t, s), jointly satisfy: (i) the local conservation law for the total energy
(ii) the local conservation law for the total momentum,
(iii) the local conservation law for total angular-momentum
The field momentum density is given in (33). The field energy density is given by
and the symmetric stress field tensor of the electromagnetic fields by
note that we have defined T field with the opposite sign compared to the historical convention introduced by Maxwell to define the "Maxwell stress tensor."
The momentum vector-density of the point particles is given by
the energy density of the point particles by
and the symmetric stress tensor of the point particles is given by
By hypothesis, the vacuum fields decay rapidly enough when |s| → ∞ to guarantee a finite field energy and momentum, and thus the total momentum and energy are conserved in BLTP electrodynamics. With sufficient decay of the fields at spatial infinity, also total angular-momentum is conserved. These global conservation laws follow from the local laws by integration w.r.t. d 3 s.
Finally, every point charge satisfies its own conservation law ∀ α, n : ∂ t δ q α n (t) (s) + ∂ s · δ q α n (t) (s)v α n (t) = 0 (51) in the sense of distributions. By the linearity of the continuity equation (51), also the distribution-valued fields e α Nα n=1 δ q α n (t) (s) ≡ ̺ α (t, s) and e α Nα n=1 δ q α n (t) (s)v α n (t) ≡ j α (t, s) jointly satisfy the continuity equation
At last, defining the total electric point charge density α ̺ α (t, s) ≡ ̺(t, s), and the total point charge current vector-density α j α (t, s) ≡ j(t, s), they jointly satisfy
The conservation laws (53) and (52) have a meaning also in the Vlasov continuum limit; the law (51) obviously not.
The Vlasov approximation for N ≫ 1
To study plasma, for which N ≫ 1, it is neither feasible to solve for all the individual motions nor to follow them empirically. Instead one switches the perspective and focusses on typical large-number type questions, such as: "How many particles of species α reside in a small macroscopic region about a space point s at time t?"and: "What is the coarse-grained statistics over their momenta?".
Answers to such large-number type questions are determined, theoretically, by integrating the counting measures for the particle species over the relevant small macroscopic domains in s and p space, respectively. The normalized counting measure of species α is the singular (with respect to Lebesgue measure) empirical one-point measure on R 6 given by
Every classical solution of N-point BLTP electrodynamics uniquely determines an empirical measure (54) for all times t for which the evolution lasts. When N ≫ 1, then the normalized empirical measure △ Nα (t, s, p) may possibly be well-approximated by a smooth and gently varying normalized continuum density function f α (t, s, p) satisfying a PDE in its indicated variables, more precisely: a Vlasovtype PDE system. This Vlasov PDE system in turn allows one to study the large scale structures and dynamics of plasma on time scales which are not too long.
We now explain how the Vlasov-Maxwell-BLTP equations can be obtained in a limit as N → ∞, and what is needed to make this rigorous.
Evolution of empirical measures in BTLP electrodynamics
The MBLTP field equations with point charge source terms, (18) and (19), are already of the type (5) and (6), yet with f α (t, s, p) replaced by △ (1) Nα (t, s, p), i.e.
It is thus clear that whenever △ (1) Nα (t, s, p) ≈ f α (t, s, p) in a suitable Kantorovich-Rubinstein distance, then also the electromagnetic MBLTP fields of the N-body system will be approximately equal to the pertinent Vlasov-MBLTP fields, in a weak sense. The next step is to set up the pertinent PDE for the empirical one-point measures △ (1) Nα (t, s, p). From the equations for the particle motions in N-body BLTP electrodynamics, one finds that the empirical one-point measure (54) and the empirical two-point measure
which also is uniquely determined by any classical solution of N-point BLTP electrodynamics, jointly satisfy, in the sense of distributions, the integro-partial-differential identity
Π field α,n (t,s) − Π field α,n (0,s − q α n (t)) d 3s · ∂ p δ p α n (t) (p)δ q α n (t) (s) .(58)
Here,
Also the radiation-reaction term at r.h.s.(58) can be written explicitly as a nonlinear functional R △ (1) Nα (t, s, p), but to do so will fill several pages and is not necessary for the argument we are going to make; however, see the Appendix to get an idea of what would be involved.
Propagation of chaos assumption
Since both the empirical one-point and the empirical two-point measures are involved, the system of equations (58), indexed by α, is not a closed system for the empirical onepoint measures. However, when N ≫ 1 the system of equations (58) is approximately equal to a closed, nonlinear system of evolution equation for the one-point measures, because of the following lemma. Since a continuum approximation of △ (1) Nα (t, p, q) with f α (t, p, q) is sensible only for N ≫ 1, and since in the replacement of △ (2) Nα (t, p, q,t,p,q) with f α (t, p, q)f α (t,p,q) one already makes an error of O(1/N α ), one's first impulse might be to also neglect the Lorentz force with factor 1/N α at r.h.s.(61), which yields [KiTZ08] for a related discussion. In this last situation, the 1/N α error term for the replacement of ∆ (2) by the product of two f α may possibly play a significant role, though.
Supposing that the fields E E E and B B B are O(N) large so that the α-th Lorentz force at r.h.s.(62) can be neglected, we need one more approximation to arrive at the Vlasov-MBLTP equations. Fortunately, from (42) it follows that the radiation-reaction force is initially zero and builds up only in the course of time; see also [Kie19] and [KTZ19b] . Thus for sufficiently short time scales the term R [f α ] (t, s, p) can be neglected, and (62) becomes (1).
We have obtained the complete system of Vlasov-MBLTP equations -by very plausible approximations to a well-defined dynamical N-body plus field theory.
On the asymptotic exactness of Vlasov theory
While our plausibility derivation of the Vlasov-MBLTP equations may seem compelling, for we did not sweep any infinities or otherwise undefined and not well-definable expressions under the rug, there is still the possibility that subtler reasons will invalidate it. In particular, even if the errors of the Vlasov approximation to the actual microscopic N-body plus field BLTP electrodynamics are initially small, our arguments do not convey how long the errors would remain small. These concerns can only be relieved of by a rigorous control of the errors made by the Vlasov approximation to the BLTP electrodynamics of N charges and their electromagnetic fields.
A related but less ambitious first step toward such a control could be a proof of the asymptotic exactness of the Vlasov-MBLTP equations as N → ∞. Asymptotic exactness of a kinetic theory, if it can be proven to hold, always refers to the vanishing, when N → ∞, of the error made by replacing the N-body formulation with the kinetic model. It does not require a more quantitative estimate of the error when N is finite.
There is a cheap way of (formally) establishing asymptotic exactness of the Vlasov-MBLTP system of equations by making the charges N-dependent, viz. e α =ẽ α / √ N. There are two comments to be made about this procedure. First, it is still a long way to go to make even this simple argument rigorous, for one needs to establish that the N-body BLTP electrodynamics evolves for sufficiently long times, at least typically, for instance by showing that the set of initial data which lead to a singularity in finite time is of measure zero. Presumably this is a hard problem. It is not completely solved yet even for the Newtonian N-body problem with Newtonian gravitational, or with Coulombian electrical forces between the point particles.
Second, the rescaling of the charges is a mathematical convenience, but unless it can be shown to be equivalent to an (at least in principle) physically realizable procedure it does not explain why a physical plasma, in which the charges and masses, and the speed of light and other such parameters are fixed, may be accurately described by the Vlasov-MBLTP equations. Of course, we are not saying anything new here -Balescu [Bal63] said similar things about such "derivations" of the Vlasov-Maxwell equations in [RoRo60] .
So the question is whether the mathematical rescaling of the charges and fields stated above is equivalent to a physically realizable sequence of BLTP N-body systems on adjusted time and space and field scales, at least in principle. Unfortunately, there seems to be no physically realizable scaling with N for which the Vlasov-MBLTP system is asymptotically exact as N → ∞ in the BLTP N-body plus field electrodynamics.
Here is the argument. Given the particle species which compose a plasma, only the number of particles in a species, N α , is at one's disposal, and how one populates the plasma with these particles. The species parameters m α and e α are fixed, the speed of light c is fixed, too, and in BLTP electrodynamics also the Bopp parameter κ is a "constant of nature" and thus fixed; see [CKP19] for empirical lower bounds on its size. (In the next section we will inquire into the limit κ → ∞ of the Vlasov-MBLTP system, but that's a different issue.) Of course, as before we set N α /N = ν α + O(1/N) for fixed ν α ∈ (0, 1), satisfying α ν α = 1. If one now asks how to adjust the space and time scales, and scales of the fields, with N, at least in principle, so as to eliminate N from the Vlasov-MBLTP system, one realizes that the velocities need to be left unscaled with N because the speed limit c is. This means that space and time have to be scaled in the same way. But then the BLTP law of the electromagnetic vacuum, with κ unscaled, implies that space and time scales are not rescaled with N at all. This leaves the rescaling of the electromagnetic fields. The inhomogeneous Maxwell equations suggest that all the fields scale ∝ N, but inspection of (58) now reveals that this factor N will only feature in the Lorentz force term and therefore does not factor out of this transport equation.
The conclusion of this discussion is that the Vlasov-MBLTP system is presumably only asymptotically exact in the sense of the mathematical rescaling of charges and fields, but not in a physically (at least in principle) realizable sense. To rigorously assess its validity will require good finite-N bounds on the propagation of the errors made when approximating the empirical measures with the continuous Vlasov densities.
On the limit κ → ∞ of the Vlasov-Maxwell-BLTP system
Having argued, convincingly as we hope, that the Vlasov-Maxwell-BLTP system is presumably asymptotically exact in a limit N → ∞ of N-body BLTP electrodynamics at least in the mathematical sense of rescaled charges and fields, though not in a physically realizable sense, our next observation is that Vlasov-MBLTP system formally reduces to the Vlasov-Maxwell system when κ → ∞. Of course, supposing BLTP electrodynamics is the correct classical theory of electromagnetism (which may well not be the case!), then κ is fixed by nature, and the issue is to find good bounds on the discrepancies of the solutions produced by Vlasov-Maxwell versus Vlasov-Maxwell-BLTP theory with finite κ. Similar to the discussion about the error terms of the Vlasov approximation to the finite-N BLTP electrodynamics, a simpler preliminary step to accomplish the desired goal is to show rigorously that Vlasov-Maxwell-BLTP theory reduces to Vlasov-Maxwell theory when κ → ∞. Since this is a singular limit, it can only be accomplished for a restricted class of field initial data.
Compatibility constraints on the field data
The Vlasov-Maxwell-BLTP system is of higher order than the Vlasov-Maxwell system, i.e. it requires field initial data B B B(0, . ) and D D D(0, . ) (constrained by (4) and (6)) as well as E E E 0 (0, . ) andĖ E E 0 (0, . ), while the Vlasov-Maxwell system does not have any freedom to choose the latter two fields once the fields B B B(0, . ) and D D D(0, . ) are prescribed. Thus for the Vlasov-MBLTP field equations we need a rule which expresses the initial data 
here, N α may be replaced by ν α if the limit N → ∞ has been invoked with mathematical rescaling of charges and fields, as explained in the section on asymptotic exactness.
Conclusions
In the previous sections, we have proposed a road map for the microscopic foundations of the kinetic theory of special-relativistic plasma, and to emphasize that a rigorous derivation seems feasible. While the standard plasma physics literature is regrettably blasé about this issue, usually claiming the mathematically ill-defined symbolic system of Lorentz equations for N point charges and their Maxwell-Lorentz fields as the microscopic foundations of the Vlasov-Maxwell system of equations, 1 we have argued that the Vlasov-Maxwell system is rather an approximation to the Vlasov-Maxwell-BLTP system when Bopp's κ ≫ 1, which in turn is an accurate kinetic continuum approximation to the microscopic N-body electrodynamics in a BLTP vacuum when N ≫ 1 and when the time scales are not too long. Moreover, we presented a radiationreaction-corrected system of kinetic equations for the BLTP electrodynamics which, when N ≫ 1, should be more accurate than the Vlasov-MBLTP system on a slightly larger than the usual Vlasov time scale, but still shorter than the time scale on which discrete particle effects kick in. To establish the degree of accuracy of this approximation is an ambitious program for future research, but we are confident that this can be carried out with mathematical rigor.
The road to the vindication of the Vlasov theory we propose to travel is the one pioneered by Neunzert [NeWi74] . One also sometimes finds claims that the Vlasov approximation is introduced to obtain smooth approximations to the empirical densities, using an ensemble averaging [Ich80, HaWa04] , though one can hardly understand how a single many-body system could interact with the ensemble to which it belongs, unless a law of large numbers guarantees that all members of the ensemble behave the same. That would involve a BBGKY hierachy and a proof of propagation of chaos.
The accuracy of the approximation of the N-body BLTP electrodynamics by the kinetic Vlasov-Maxwell or Vlasov-Maxwell-BLTP model cannot be expected to last for arbitrarily long times, for initially small errors in the approximation tend to grow exponentially over time. On longer time scales, various deviations of the Vlasov continuum evolution, and also of the radiation-reaction-corrected Vlasov evolution, from the empirical evolution will become visible. It is expected that additional dissipative corrections to kinetic equations of the Balescu-Lenard-Guernsey type (which frequently are approximated by a Landau type equation) are needed to capture this long-time regime. Their microscopic foundation is an even more ambitious program, as indicated by Spohn [Spo91] . A fresh recent attack on this front was made by Lancellotti [Lan09] .
Although we have not supplied any rigorous arguments in this paper, we believe that the program described in this work can be carried out in full rigor. In particular, the well-posedness of BLTP electrodynamics with N point charges has already been proved rigorously in [KTZ19b] , see also [Kie19] , and we expect that the error control of the Vlasov approximation will be accomplished in due time. This will mean a major advance in the rigorous microscopic foundations of relativistic kinetic theory of plasma without breaking the Lorentz covariance at any point in the analysis. The state of affairs so far has been based on a regularization of the Lorentz electrodynamics with N point charges, essentially the semi-relativistic Abraham-Lorentz model, which leads to a non-Lorentz covariant regularization of the Vlasov-Maxwell equations by Golse [Gol12] . A precursor to this work is our paper with Ricci [EKR09], where we derived a scalar caricature of special-relativistic Vlasov theory from a classical microscopic model of N finite-size particles which interact with a scalar wave field.
We also expect that the BLTP law of the electromagnetic vacuum can be replaced by the Born-Infeld law [BoIn34] , but its nonlinear character makes progress very slow. So far only the static problem of N point charges has been settled [Kie12/18], while the dynamical analog [Kie04, Kie12] is still waiting to be treated rigorously. 
with the abbreviations K ξ , K ξ defined as in (36) and (41), and where ret means that q(t), v(t), and a(t) are evaluated witht = t ret ξ (t, s). With ξ ≡ (q, v 0 , 0), we thus have Note that the acceleration t → a n (t) only features linearly, in the k = 1 term. To carry out the integrations at r.h.s.(68) we in [KTZ19b] switch to "retarded spherical co-ordinates" with the colatitude ϑ defined with respect to s − q(t r ). Let dω r (s) denote the uniform measure on ∂B r (q(t r )). For any C 1,1 map t r → q(t r ) witḣ q(t r ) =: v(t r ) we then have d 3 s = dω r (s) ∂ s |s − q(t r )| ∂Br(q(t r )) dr = 1 − 1 c v(t − 1 c r) cos ϑ r 2 sin ϑdϑdϕdr. ξ n t, s ξ n (r, ϑ, ϕ) − 1 − 1 c v n (0) cos ϑ π
[k] ξ • n t, s q n (r, ϑ, ϕ) sin ϑdϑdϕ r 2−k dr . Next we register the following important facts about the angular integrations over the spheres ∂B r (q(t r )) (where q stands for either q n or q n ; v and a similarly):
• on ∂B r (q(t r )) the retarded time t ret q (t, s) = t − 1 c r = t r is constant; • the vectors q(t r ), v(t r ), and a(t r ) are constant during the integration over ∂B r (q(t r ));
• for s ∈ ∂B r (q(t r )), we have s = r n(q(t r ), s) + q t r ;
• for s ∈ ∂B r (q(t r )) the unit vector n(q(t r ), s) = sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ .
It follows that on ∂B r (q(t r )) the vectors π ξ (t, r) depend on the maps t ′ → q(t ′ ) and t ′ → v(t ′ ) between t ′ = 0 and t ′ = t ret q (t, s) = t r , through the dt ′ integrals over the Bessel function kernels, through which they also depend on the initial data q(0) and v(0) (recall that the integrations over t ′ < 0 involve an unaccelerated auxiliary motion determined by the initial data q(0) and v(0)). They also depend on t and r, explicitly through the Bessel function kernels (41) and (36) (recall also the third bullet point above), and implicitly through the dependence on t r = t − r/c in: (a) the vectors q(t r ), v(t r ), and (when k = 1) a(t r ), and (b) the upper limit of integration of the integrals over the Bessel function kernels.
Next, by a change of integration variable from r to t r = t − r/c we eliminate the implicit t dependence from the integrands at r.h.s.(71). Writing Z ξ t, t r , this yields (42).
We thus arrive at the "self"-field force on the n-th point charge source of the MBLTP field equations, given for t > 0 by the negative t derivative of (42), viz. ξ n (t, t) + Z
